For classes of topological vector spaces, we analyze under which conditions open-mapping, bounded-inverse, and closed-graph properties are equivalent. We show that closure under quotients with closed subspaces and closure under closed graphs are sufficient.
Introduction
This is a short paper in the field of topological vector spaces (t.v.s.), concerned with theorems on open mappings, bounded inverses, and closed graphs. These theorems have a long history, with many applications in different branches of functional analysis, e.g., [Wer97, Mat98, Alt06, AV05] . Initially only formulated for Banach spaces, one line of research was to extend these theorems to very general classes of spaces, e.g., see [Sch71, Ptá58, Hus62] and the references therein. While this research states closed-mapping theorems for e.g., linear mappings u : E → F with E taken from one class A of t.v.s. and F taken from a possibly different class B, e.g., see [HM62, Kri71] , we approach the topic differently. We only allow E and F to come from the very same class of t.v.s. C, and we ask, under which conditions on C, the open-mapping theorem, the bounded-inverse theorem, and the closed-graph theorem are actually equivalent and hold. For the equivalence of these theorems for a class C, the crucial insight is that C needs closure properties weaker than expected. Besides closure under quotients under closed subspaces, additionally, only closure under closed graphs is needed, not closure under closed finite products or closed subspaces. This insight leads to a characterization result, showing that the class of barreled Pták spaces is the natural habitat of these theorems, and that at least for locally-convex spaces, the barrier of being barreled and Pták cannot be overcome. As research in the 1960s considered Pták and barreled spaces already, this paper thus may explain, why research on these topics faded out in the 1970s.
Equivalences
In this work, we use notation, definitions, and results from the excellent textbook of Schaefer [Sch71] . Throughout, w.l.o.g. we assume that all topological vector spaces (t.v.s.) are T 0 . Hence, they are fully regular. In particular, they are T 2 . Recall that a map u : E → F is called closed, if the set Graph(u) = {(e, u(e)) | e ∈ E} is a closed subset of E × F .
We define three properties for a class C of t.v.s.. holds that every bijective, linear map u : E → F is continuous iff its inverse u −1 is continuous. (C) Closed-graph property : For every pair of t.v.s. E and F in C it holds that every linear map u : E → F is closed iff it is continuous. We say that a class C of t.v.s. is closed under closed graphs, if for every E and F in C and every linear, closed map u : E → F its graph Graph(u) is in C. Furthermore, we say that a class C of t.v.s. has the OBC-equivalence property, if it is closed under quotients with closed subspaces (with E in C and A a closed subspace of E, the quotient space E/A is in C), and if it is closed under closed graphs. The following arguments in the proof of the above theorem are well-known and thus not new. Presenting them needs justification. We give three reasons: (1) emphasis on where exactly the closure-properties of the class C are needed, (2) first-time crystal-clear presentation of these equivalences in this general setting, not found in textbooks in functional analysis, and (3) for the sake of completeness. Let p E and p F denote the linear, continuous projections from E × F , respectively. If u is continuous, then by Prop. 1 below, Graph(u) is closed. And if Graph(u) is closed, then it is in C by closure under closed graphs. As v −1 = p E : Graph(u) → E is bijective, linear, and continuous, the map v is continuous by application of (B).
Proof. (O) implies (C): Let
Clearly, s is a topological isomorphism. Let u : E → F be bijective and linear. By (C), the map u is continuous iff Graph(u) is closed. This holds iff Graph(u −1 ) = s(Graph(u)) is closed. Again by (C), the former holds iff u −1 is continuous.
As we could only find proofs of the following proposition in the context of Banach spaces, we give a proof in full generality for the sake of completeness.
Proposition 1. If a map between topological T 2 spaces is continuous, then it is closed.
Proof. Let E and F be topological T 2 spaces, and let u : E → F be a continuous map. Define map v : E ×F → E ×F by v(e, g) = (e, u(e)). Then v is continuous and v(E × F ) = Graph(u). Consider an arbitrary point (e, f ) in the closure Graph(u). Then there exists a filter C containing Graph(u) and converging to (e, f ). By continuity of v, the image filter v(C) converges to v(e, f ) = (e, u(e)). As E × F is in C, we have Graph(u) in v(C). The set of intersections of sets from C and v(C)
∈ v(C)}) constitutes a filter base for a finer filter D ⊇ C, v(C). Filter D contains Graph(u) and converges both to (e, f ) and (e, u(e)), respectively. As E × F is T 2 as the product of two T 2 spaces, we have the uniqueness of the limit (e, f ) = (e, u(e)). Hence, (e, f ) is in Graph(u), showing closedness of Graph(u).
Note that a class C of t.v.s. is closed under closed graphs, if it is closed under finite products (i.e., with E and F in C, we have E ×F in C) and closed under closed subspaces (i.e., with E in C, every closed subspace of E is in C). Main insight of above theorem is that the weaker property of closure under closed graphs suffices. Closure under finite products or closure under closed subspaces is not necessary.
It 
Characterization
Recall that a linear map e :
We Consequently, every space in C is a barreled Pták space. Finally, C must equal the class of barreled Pták spaces by maximality.
